We study an intermediate inflationary stage in a Jordan-Brans-Dicke theory. In this scenario we analyze the quantum fluctuations corresponding to adiabatic and isocurvature modes. Our model is compared to that described by using the intermediate model in Einstein general relativity theory. We assess the status of this model in light of the seven-year WMAP data.
I. INTRODUCTION
The inflationary paradigm [1, 2] has been confirmed as the most successful candidate for explaining the physics of the very early universe [3] . This sort of scenarios has been successful in solving some of the puzzles of the standard cosmological model, such as the horizon, flatness and entropy problems, as well as providing for a mechanism to seed structure in the universe.
The source of inflation is a scalar field (the inflaton field), which plays an important role in providing a causal interpretation of the origin of the observed anisotropy of the cosmic microwave background radiation, and also distribution of large scale structure [4, 5] . The nature of this scalar field may be found by considering one of the extensions of the standard model of particle physics based on grand unified theories, supergravity, or some effective theory at low dimension of a more fundamental string theory.
The idea that inflation comes from an effective theory is in itself very appealing. The main motivation to study this sort of model comes from string/M-theory. This theory suggests that in order to have a ghost-free action high order curvature invariant corrections to the Einstein-Hilbert action must be proportional to the Gauss-Bonnet (GB) term [6] . GB terms arise naturally as the leading order of the α expansion to the low-energy string effective action, where α is the inverse string tension [7] . This kind of theory has been applied to the possible resolution of the initial singularity problem [8] , also to the study of black-hole solutions [9] , and accelerated cosmological solutions [10] . In particular, it has been found [11] that for a dark energy model the GB interaction in four dimensions with a dynamical dilatonic scalar field coupling leads to a solution of the form a(t) = a 0 exp(At f ), where the universe starts evolving with a decelerated exponential expansion.
Here, the constant A is given by A = 2 κn and f = 1 2 , with κ 2 = 8πG, where G is the newtonian gravitational constant, and n an arbitrary constant.
We have the particular scenario called intermediate inflation [12] , characterized for the scale factor evolving as a(t) = a 0 exp(At f ). In this model, the expansion of the universe is slower than standard de Sitter inflation (a(t) = exp(Ht)), but faster than power law inflation (a(t) = t p , p > 1). The intermediate inflationary model was introduced as an exact solution corresponding to a particular scalar field potential of the type V (φ) ∝ φ −4(f −1 −1) (in the slow-roll approximation), where 0 < f < 1. With this sort of potential it is possible in the slow-roll approximation to have a spectrum of density perturbations which presents a scale-invariant spectral index n s = 1, i.e. the socalled Harrison-Zel'dovich spectrum of density perturbations, provided f takes the value of 2/3 [13] .
Even though this kind of spectrum is disfavored by the current Wilkinson Microwave Anisotropy Probe (WMAP) data [14] [15] [16] [17] , the inclusion of tensor perturbations, which could be present at some point by inflation and parametrized by the tensor-to-scalar ratio r, allows the conclusion that n s ≥ 1 providing that the value of r is significantly nonzero [18] . In fact, in Ref. [19] was shown that the combination n s = 1 and r > 0 is given by a version of the intermediate inflationary scenario in which the scale factor varies as a(t) ∝ e t 2/3 within the slow-roll approximation.
On the other hand, motivations also coming from string theory, there has been carried out a less standard theory of gravity, namely the so called scalar-tensor theory of gravity [20] [21] [22] [23] . The archetypical theory associated with scalar-tensor models is the Jordan-Brans-Dicke (JBD) gravity [20] . The JBD theory is a class of model in which the effective gravitational coupling evolves with time. The strength of this coupling is determined by a scalar field, the so-called JBD field, which tends to the value G −1 . The origin of JBD theory is in Mach's principle according to which the property of inertia of material bodies arises from their interactions with the matter distributed in the universe. In modern context, JBD theory appears naturally in supergravity models, KaluzaKlein theories and in all known effective string actions [24] [25] [26] [27] [28] [29] [30] .
In this paper we would like to study intermediate inflationary universe model in a JBD theory.
We will write the Friedmann field equations, together with the corresponding scalar field equations (inflaton and JBD fields). The intermediate inflationary period of inflation will be consistently described in the slow-roll approximation. Scalar and tensor perturbations will be expressed in terms of the parameters that appear in our model, these parameters will be constrained by taking into account the WMAP five and seven year data.
The outline of the paper is as follows. The next section presents the field equations in the Einstein frame. In Section III we study the slow-roll approximation. Section IV deals with the calculations of cosmological scalar perturbations. Then we describe the quantum generation of fluctuations together with the spectrum of comoving curvature perturbations in section V. Section VI deals with tensor perturbations. Finally, in Section VII we conclude our findings.
II. BACKGROUND EQUATIONS IN THE EINSTEIN FRAME
A wide class of non-Einstein gravity models can be recast in the action [31] :
where R is the Ricci scalar, κ 2 = 8πG, with c = = 1, β and γ are constants, χ and φ are the dilaton and inflaton fields, respectively.
The Jordan-Brans-Dicke action in the Jordan frame is given as:
and it is recovered by a conformal transformation [32] on the action (1) with the condition U (χ) = 0
. Φ BD is the Brans-Dicke field and ω is the Brans-Dicke parameter.
Observational measurements [33, 34] constraint the BD parameter to be very large ω ≫ 1. On the other hand, the BD field remains very close to a constant after inflation, in the radiation and matter domination eras [20] . In order to recover the right value of the newtonian gravitational constant after inflation we will consider χ equals to zero at the end of the inflationary stage.
From the action (1) in a flat Friedmann-Robertson-Walker (FRW) metric, tacking U (χ) = 0, we get the following set of field equations:
where overdots denote derivatives with respect to t and a prime denotes derivative respect to the scalar field φ, H ≡ȧ a(t) is the cosmic expansion rate and a(t) is the scale factor. In the next section we will solve the set of equations Eqs.(4)- (6) in the slow-roll approximation.
III. THE SLOW-ROLL APPROXIMATION
The slow-roll regime of an inflationary era is presented when Ḣ H 2 ≪ 1 and
These conditions into Eqs. (4)- (6) impose the constraints:
φ − γκχφ ≪ Hφ,
which transform the set of field equations, Eqs. (4)- (6), into the equations:
From this set of differential equations we easily realize that χ is given by:
where the subscript b will denote values at the beginning of the inflationary epoch.
By choosing an ansatz for the potential as V (φ) = V 0 φ n , from Eqs. (10)- (12) we obtain:
For the specific case of a Jordan-Brans-Dicke theory, where γ = β 2 , we find:
and
The parameter A in Eq. (15) has to be positive in order to get an increasing scale factor function.
Consequently, we have the following constraints: C 2 < −1, 0 < f < 1 and n < 0. In this case the potential V (φ) does not have a minimum and therefore a nonstandard way of reheating in the universe is required [36] .
From here on it is assumed γ = β 2 although sometimes γ is preserved to shorten the length of the equations.
We note that the scale factor in Eq. (15) is a generalization of the scale factor corresponding to intermediate inflation in the Einstein theory [12] , in the case p → ∞ we recover a(t) ∝ e At f .
On the other hand, the authors of Ref. [37] found the same form for a(t) when they first studied a cosmological model in a JBD theory, extended inflation.
The number of e-folds between any time t and the beginning of inflation t b is:
N is always lower than the number of e-folds that we would get in an intermediate inflationary model in the Einstein theory [38] . Expression (16) converges to the Einstein case in the limit
It is well known that an intermediate stage of inflation needs an additional mechanism to bring inflation to an end [19] . We will consider that this mechanism starts after N T e-folds since the beginning of inflation. We normalize χ in such a way that after N T e-folds the value of the field χ becomes zero, therefore χ b = − β κ N T . We assume that the value of χ remains zero after that time in order to fulfill the condition Φ BD = 1 G after inflation. It is convenient to calculate the so-called slow-roll parameters:
which will be useful in the study of the perturbations of the model. We recall that ǫ < 1 implies a > 0, i.e. it guarantees the existence of an inflationary period.
From Eqs. (14) and (17) we note that ǫ is a decreasing function of time. Following Refs. [19, 39] we assume that the intermediate inflationary era begins at the earliest possible stage when ǫ = 1, which corresponds to:
We note that in the limit β → 0 the expressions for φ(t) in Eq. (15), ǫ in Eq. (17) and η in Eq. (18) go to the standard slow-roll relations corresponding to the intermediate inflationary universe model [19] , as well as the expression for V (φ), where
We can check the consistency of the slow-roll approximation numerically. We get the solutions to the Eqs. forφ(t) andχ(t) in the exact solution were set from the slow-roll differential equations (10) and (11) . We can see from FIG.1 that the slow-roll approximation for the given parameters is a very good approximation, this is also valid for the other parameters in the considered ranges.
IV. LINEAR ORDER SCALAR PERTURBATIONS
We analyze the cosmological scalar perturbations in the longitudinal gauge [40] , we consider the perturbed metric to be: (4)- (6) coincides with the solutions for these equations in the slow-roll approximation (dotdashed line). For the last 100 e-folds the error in use the slow-roll approximation is less than 1%.
When we introduce this perturbed metric into the Einstein field equations with two scalar fields (φ and χ) we get the following set of linear order perturbed field equations:
andδφ
where δφ and δχ are gauge invariant fluctuations of the respective fields and k stands for the Fourier space decomposition.
We use the slow-roll approximation in Eqs. (22)- (24) and given that we are interested in the non-decreasing adiabatic and isocurvature modes on large scales k ≪ aH [41] , we can consistently neglect the terms containingΦ and those terms containing second order time derivatives. Under these approximations Eqs. (22)- (24) reduce to:
The authors in Ref. [42, 43] have found a solution to the set of Eqs. (25)- (27):
where C 1 and C 3 are two integration constants related with the initial values of δφ, δχ, φ and χ.
The terms proportional to C 1 and C 3 represent adiabatic and isocurvature modes, respectively [31] .
The isocurvature nature of the term proportional to C 3 is guaranteed by the fact that the second term in Eq. (30) is vanishingly small after inflation when χ(t) ≈ 0.
In order to get the spectrum of scalar perturbations we introduce the gauge-invariant quantity named the comoving curvature perturbation, R [44] :
where the latter expression is valid for large scales in the slow-roll regime. By substituting Φ given by Eq. (30) into Eq.(31) we obtain:
with W = 1 − e γκχ(t) + β 2 κ 2 V (φ)
As we see from Eq.(32), the term W is responsible for the change of R during the inflationary stage. For intermediate inflation in a JBD theory we can calculate W by using Eqs. (13), (14) and (16) as well as the definition of V (φ):
where N T is the total amount of e-folds of inflation for which the value of χ goes to zero. Here we have used the number of e-folds N to describe time evolution because it is more convenient in the subsequent analysis.
We note that the case β = 0 corresponds to W = 0, which is expected because when the BD parameter is zero there is only one scalar field driving inflation, and in that case the comoving curvature perturbation R remains constant on large scales [40] .
The current observational constraints bring β to an upper limit given by β ≤ 0.02 [34] . We see Given that the constants C 1 and C 3 are related to the initial values of the perturbed fields it is expected they to be of the same order [31] , then to impose |W | < 0.1 guarantees that the variation of R during inflation due to the presence of isocurvature perturbations is small, i.e. for a given β and f we can find a maximum N T value for which |W | < desired value.
In the following we will consider for the comoving curvature perturbation R ≈ C 1 , i.e. R remains constant after a given scale k leaves the Hubble horizon during inflation. Furthermore, we will assume that the mechanism which is needed to properly finish inflation is not going to modify the results for R.
In FIG.3 we plot the comoving curvature perturbation, the exact solution and the solution in the slow-roll approximation are compared. We confirmed, for the allowed range of parameters for β, f and N T , that the slow-roll approximation is adequated when we set the initial values ofφ,χ, δφ andδ χ from the equations in the slow-roll approximation.
V. QUANTUM GENERATION OF FLUCTUATIONS AND SPECTRUM OF CURVA-TURE PERTURBATION
The value of the constant C 1 in the slow-roll approximation and for large scales (k ≪ aH) is gotten from Eqs. (28) and (29):
The expectation values of the scalar field perturbations δφ and δχ are given by random gaussian variables when they cross outside the Hubble radius (k ≈ a * H * ) [40] , these are given by:
respectively, here the subscript * denotes the crossing time and the brackets the expectation value of the respective random variable.
The spectrum of the comoving curvature perturbation R is defined by [44] :
From the discussion in Section IV and Eqs. (34) and (35) we obtain:
We note that the presence of a second scalar field during inflation modifies the form of the standard spectrum [31] , the standard form [2] is recovered when we take the limit γ → 0. In terms of χ and the parameters of the model, the spectrum becomes:
where n = 4
, φ * is given by Eq. (14) in terms of χ * and χ * is related to N * by Eq. (13) where
From the seven-year WMAP data we know that the amplitude of the spectrum is P R (k * ) = 2.43 × 10 −9 for a scale k * = 0.002Mpc −1 [45] . By imposing this constraint in Eq. (38) we can get the value of the constant V 0 for given values of the parameters β, f , N T and N * . In FIG. 4 we show the value of the parameter A, related to V 0 through Eq.(19). The scale dependence of the spectrum is characterized by the spectral index n s (k) whereas the scale dependence of the spectral index is given by the running α s [35] .
We can calculate the spectral index and the running for scalar perturbations as:
where we have used d ln k = dN and
We note that both Eqs. (39) and (40) reduce to the result in the Einstein theory when β → 0 [19] .
VI. TENSOR PERTURBATIONS
In addition to the scalar curvature perturbation, tensor perturbations can also be generated from quantum fluctuations during inflation [40] . The tensor perturbations do not couple to matter and consequently they are only determined by the dynamics of the background metric, so the standard results for the evolution of tensor perturbations of the metric remains valid. The two independent polarizations evolve like minimally coupled massless fields with spectrum [40] :
From Eq. (37) and Eq. (41) we can determine the tensor to scalar ratio r:
which in terms of Z is rewritten as:
and it is reduced to 16ǫ in the limit β → 0 consistent with Ref. [19] .
Our analysis has been done in the Einstein frame but the physical results have to be interpreted in the Jordan physical frame. The authors of Ref. [31] analyze this issue and they conclude that both frames are equivalent given that the JBD field varies extremely slowly in the post-inflationary universe, then the adiabatic fluctuations and the tensor perturbations are described by the same formula in both frames.
As we can see from Eqs. (39) and (43) FIG . 6 shows the dependence of the tensor to scalar ratio on the spectral index for different values of the parameters β, f and the corresponding maximum N T . We should note from Eqs. (39) and (43) consider at least 50 e-folds of inflation to push the perturbations to observable scales [46] , which seems to exclude models for β = 0.02 and f < 0.7.
VII. CONCLUSION
We have studied in detail the intermediate inflationary scenario in the context of a JBD theory.
This study was realized in the Einstein frame, but the physical results have to be interpreted in the Jordan physical frame. In this respect, it has been considered that both frames are equivalent, providing that the JBD field varies extremely slowly in the post-inflationary stage of the universe [31] . In this way, the adiabatic fluctuations and the tensor perturbations are described equally in both frames. This allows to obtain explicit expressions for the corresponding power spectrum of the curvature perturbations P R , tensor perturbation P T , tensor-scalar ratio r, scalar spectral index n s , and its running α s .
In this work the aim has been to study which set of parameters β, f and N T allow us to get a dominant contribution of the adiabatic mode to the power spectrum of scalar perturbations. In order to do that we have restricted the maximum number of e-folds allowed by the model, N T , for a given set of parameters β and f . For a given value of β and 0 < f < 1 we get R ≈ C 1 constant for a specific value of N T provided the desired precision. On the other hand, we have restricted ourselves to β ≤ 0.02 in light of the previous observational constraints on β [33, 34] .
We had checked numerically that the slow-roll approximation is adequated, even to the analysis of first order perturbations, this is valid for the range of parameters considered in this work.
In order to bring some explicit results we have taken the constraint in the n s − r plane coming from the seven-year WMAP data. We have found that the parameter f , which initially lies in the range 0 < f < 1 for this model, is well supported by the data as could be seen from FIG.6.
However, the value of f depends on the choice of β and N T (FIG.5) . For instance, for the cases β = 0.01 we have found that 0.4 < f < 0.8 is well supported by the data constrained to the On the other hand we have to consider at least 50 e-folds of inflation to push the perturbations to observable scales [46] , which seems to exclude models for β = 0.02 and f < 0.7. Thus, we see that our study has allowed us to put restrictions on the parameters that appear in our model by comparing to the WMAP7 results in terms of n s − r plane. We have not considered in this work the incidence of the running of the spectral index in the constraints of the model.
Finally in this work, we have not addressed the phenomena of reheating and possible transition to the standard cosmological scenario. A possible calculation for the reheating temperature would
give new constraints on the parameters of our model. We hope to return to this point in the near future.
